Abstract. In this paper the problem of efficiently serving a sequence of requests presented in an on-line fashion located at points of a metric space is considered. We call this problem the On-Line Travelling Salesman Problem (OLTSP). It has a variety of relevant applications in logistics and robotics.
1. Introduction. The Travelling Salesman Problem (TSP) and in general vehicle routing and scheduling problems have been widely studied for more than three decades (see [14] for a survey on the subject). The input of an instance of the problem is generally a set of locations (points) in a metric space that are to be visited in such a way that the total distance travelled or the completion time is minimized. A common characteristic of almost all the approaches to the study of the problem is the off-line point of view. The input is known completely beforehand.
However , in many routing and scheduling applications the instance only becomes known in an on-line fashion. In other words, the input of the problem is communicated in successive steps. Often it is not even possible to determine which is the last request, i.e., when the instance is completely known. Anyhow, if the goal is to minimize the completion time, waiting till all the information is available could imply a costly loss of time.
In this paper we consider a class of on-line variations of TSP in a metric space: while the salesman is travelling, new sites to visit may be communicated to him. His goal is to visit all the sites, minimizing the completion time.
This setting models many natural applications. Think for example of a salesman or a repairman with a cellular phone, or of a robot that has to serve locations of its working space (for example in the Euclidean plane) and of many other routing and scheduling problems on a transportation network modelled with a graph. We refer to this problem as the On-Line Travelling Salesman Problem (OLTSP).
As the input to the salesman-from now on we refer to him as the server-is communicated in an on-line way, the scheduled route will have to be updated also in an on-line way during the trip. The fact that the schedule must be constructed based on incomplete information means that in general no algorithm (polynomial or otherwise) can be guaranteed to construct an optimal schedule on-line.
The most widely accepted way of measuring the performance of on-line algorithms is competitive analysis. The quality of a certain on-line strategy is measured by the worstcase ratio between the time needed by the on-line algorithm for a sequence of requests and the optimal time needed by an algorithm that knows the sequence in advance. This ratio is called the competitive ratio of the on-line algorithm. Therefore, an algorithm is said to be ρ-competitive if for every input its completion time is at most ρ times the optimal completion time for the same input. The concept of competitive analysis has been formalized in [18] , although under the name of worst-case analysis of on-line algorithms it dates back at least until the work of Graham [10] and Johnson [11] . The performance of on-line strategies for a great variety of on-line problems has been analyzed according to this concept: performance analysis of computer systems, data structures, scheduling, motion planning, network management, financial decision making, etc. (for an overview of the subject refer to [4] ).
We present algorithms for the OLTSP and study their competitive ratio by comparing their performance to the optimal solution of the corresponding off-line problem, which is called the Vehicle Routing Problem with release times [16] .
In that problem, each site must be visited at or after a given release time. The release time of a request corresponds to the time in which the request is communicated to the on-line server. The problem is NP-hard since it contains the Hamiltonian Path problem as a particular case.
Several off-line variations of the problem have been studied, in which additional constraints are imposed and particular metric spaces are considered. In [16] it has been shown that if the metric space is a line the optimal solution may be found in quadratic time. In [13] the metric space is restricted to being a tree and each request has, besides a release time, an associated handling time that is the time needed to serve it. The problem is shown to be NP-hard in that context, and a 2-approximate solution is given. In general these problems are called routing and scheduling with time window constraints. Sometimes more than one server is considered, and other restrictions are given by requiring that requests must be served before a specified deadline (see for example [20] and [21] 
